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1 Exercise 6.10.5

Prove that every prime larger than 3 gives a remainder of 1 or —1 if divided by 6.

Answer:

Suppose p Z £1 (mod 6), we derive a logical contradiction. If p = +2 (mod 6), ged(£2,6) = 2 | p, which
is a contradiction because p is a prime. If p =3 (mod 6), ged(3,6) = 3 | p, which is a contradiction because
p is a prime. Thus, p =1 (mod 6) or p = —1 (mod 6).

2 Exercise 6.10.6

Let a > 1, and k,n > 0. Prove that a* — 1| a™ — 1 if and only if k | n.
Answer:
Let r be the remainder if we divide n by k. By the polynomial division, we have

ani]_:(akil)(an7k+an72k+”.+ar)+ar71

Obviously,
A" —1|a" -1 = d"—1]a" —1

Because 0 < r < k and a > 1, we have
0<a"—1<da"—1

So
a* —1]a" =1 <= r=0

Thus,
A" —1]a" -1 < k|n

3 Exercise 6.10.7

Prove that if a > 3, then a, a + 2, and a + 4 cannot be all primes. Can they all be powers of primes?

Answer:

Suppose that a,a+ 2,a+ 4 are all primes. Because there must exist a multiple of 3 among a,a+ 1,a+ 2,
there must exist a multiple of 3 among a,a+ 2, a+4 because a+4 =a+ 1 (mod 3). This is a contradiction
with the assumption that a,a + 2,a + 4 are all primes when a > 3. So a,a + 2,a + 4 cannot be all primes.
But they can be all powers of primes, for example, a =5,a+2 =7,a+4 =9 = 32,

4 Exercise 6.10.10

Show that a number with 30 digits cannot have more than 100 prime factors.
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Answer:
Let n’s prime factorization be n = Hle pit (a; > 0).

k
X o < [T et = n < 10% < 210
i=1

Thus, Zle a; < 100. n can not have more than 100 prime factors.

5 Exercise 6.10.11

Show that a number with 160 digits has a prime power divisor that is at least 100. This is not true if we
want a prime divisor that is at least 100.

Answer:

Suppose that all prime power divisors of the number with 160 digits are less than 100. Find all prime
p < 100: {2, 3,5, 7,11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97}. For each
p, find the maximial p* < 100: {64, 81, 25, 49, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71,
73, 79, 83, 89, 97}. Multiply them and get the product

69720375229712477164533808935312303556800 < 10160

The result is calculated with Mathematica.

In[1] := Times @@ (Function[x, NestWhile[#*x &, x, #*x < 100 &]]
/@ (Prime @ Range @ PrimePi @ 100))
Out[1] = 69720375229712477164533808935312303556800

So a number with 160 digits has a prime power divisor that is at least 100.

6 Exercise 6.10.16

Prove that for every positive integer m there is a Fibonacci number divisible by m (well, of course, Fy = 0
is divisible by any m, we mean a larger one).
Answer:

Let Fj = F; mod m. Consider the adjacent item (F;*, F{\ ;) € {0,1,---,m — 1}2. Because the total
set {0,1,---,m — 1}? is finite, there must exist ¢ and j such that 0 <4 < j and (Fj", F},,) = (F}, Fi,,).
After one iterations of the recurrence formula F;_; = Fj41 — F;, we get F | = F 1. Similarly, executing i
iterations of the recurrence formula, we must get Fy = F;" ; = 0 where ¢ — j > 0. So Fj_; can be divisible
by m.

7 Exercise 6.10.17

Find integers z and y such that 25z + 41y = 1.
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Answer:

Execute the Euclidean Algorithm for ged(25,41) as following.

ged(25,41)

= ged(25,41 — 25) = ged(25, —25 + 41)

= ged(25 — (—25+41), 25+ 41) = ged (25 - 2 — 41, —25 + 41)

=ged(25-2 —41,-25+41 — (25-2 — 41)) = ged(25- 2 — 41, —25 - 3+ 41 - 2)
—ged(25-2—41 — (—25-3+41-2),-25-3+41-2) = ged(25-5— 41-3,-25 -3+ 41 - 2)
=ged(25-5—-41-3,-25-3+41-2—(25-5—-41-3)-3) =ged(25-5—41-3,-25-18+41-11)
—ged(25-5—41-3 — (—25-18 +41-11) -2, —25- 18 + 41 - 11) = ged(0, —25 - 18 + 41 - 11)

For t € Z, we have z and y as follows such that 25z + 41y = 1.

41
=—184 ————t=—-18+ 41t
v T Sed(25,41) *
=11 25 t=11—25¢
Y= T ged(25,41)
8 Exercise 6.10.18
Find integers x and y such that
2e4+y=4 (mod 17) (8.1)
52 —5y=9 (mod 17) (8.2)

Answer:

Because 5-7 = 1 (mod 17), we multiply the both sides of Equation 8.2 by 571 = 7 (mod 17) and get
7(5x — 5y) = 7-9 (mod 17), namely,

z—y=12 (mod 17 (8.3)

)

Adding Equation 8.1 with Equation 8.3, we have (22 +y) + (z —y) =4+ 12 (mod 17), namely 3z = 16
(mod 17). Because 3-6 =1 (mod 17), we multiply it by 371 =6 (mod 17) and get 6-3z = 6-16 (mod 17),
namely,

x=11 (mod 17) (8.4)

Subtracting Equation 8.1 with Equation 8.3 twice, we have (2z +y) — 2(x —y) =4 — 2 - 12 (mod 17),
namely 3y = 14 (mod 17). Because 3 -6 = 1 (mod 17), we multiply it by 37! = 6 (mod 17) and get
6-3y=6-14 (mod 17), namely

y=16 (mod 17) (8.5)

9 Exercise 6.10.19

Prove that /5 is irrational.
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Answer:

To derive a logic contradiction, we suppose that /5 is rational, which can be written as the quotient of two
positive integers: ¥/5 = a/b. Get the cubes of both sides, we have a® = 5b%. Consider the prime factorization
of both sides. Suppose that 5 occurs m times in the prime factorization of a and n times in the prime
factorization of b. Since a® = 5b%, we have 3m = 3n + 1, which is impossible because 3m =0#3n+1=1
(mod 3).

10 Exercise 6.10.20

Prove that the two forms of Fermats Theorem, Theorem 6.5.1 and (6.1), are equivalent.
If p is a prime and a is an integer, then p | a? — a.
—
If p is a prime and a is an integer not divisible by p, then p | a?~% — 1.

Answer:

=: Because pfa and p| a? —a = a(a’~! — 1), p cannot be the factor of a, but must be the factor of
aP~t — 1, namely p | a?P~! — 1.

—:plaPt—1]| ("' —1la=a’—a

11 Special Problem 1

Define a function s(n, k) for all integers 1 < k < n inductively as follows: s(n,1) = s(n,n) =1 for alln > 1,
and for n > 1, s(n,k) = ks(n — 1,k) + s(n — 1,k — 1) for all 1 < k < n. Prove that if p is a prime, then
s(p, k) is divisible by p for all 1 < k < p.

(Hint: Note that the recurrence relation is similar to the one satisfied by (Z) You may first want to interpret
s(n, k) in a combinatorial way.)

Answer:

We observe that s(n, k) is the number of ways to partition a set of n elements into k& nonempty subsets.
s(n, k) contains two cases: to distribute n-th element into the current k subsets, or build a new subset which
contains only n-th element. So s(n,k) = ks(n —1,k) + s(n — 1,k — 1). There is another way to interpret
this formula. Enumerate ¢ as the number of elements in the first subset. There are %(7;) ways to compose
the first subset where the divisor k is used to let the subset which contains the minimal remaining element
be the first set in order to eliminate the repetition. We rewrite the recurrence formula of s(n, k) as

s(n k) = %n_gk:l (?)s(n k1)

Lemma 11.1 The recurrence formula s(n,k) = + >0 h (M)s(n—1i,k — 1) is equivalent to the recurrence
formula s(n, k) = ks(n—1,k)+s(n — 1,k — 1).

For a prime p, we have

P?‘I*-‘

i (2)sto =ik

Applying Lemma 6.5.2 in LPV, we have

pm?) 1<i<p—k+1)
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Because p is a prime and 0 < k < p, ged(k,p) = 1. Thus,
1/(p 1/p .
— — —i,k—1

p|sp k)

Summating all items up, we get

12 Special Problem 2

Review of Chernoff Bounds Let Xi, X5, -+, X, be independent Poisson trials (as discussed in class)
such that Pr{X; = 1} = p;; let X = 7, ;. Xi and p = E(X). In class we stated the following Chernoff

bounds: For all § > 0,
5

Pr{X > (1+0)u} < (Q:W) : (12.1)

and if a > 6E(X), then
Pr{X >a} <27%

From the other end, we have for all 0 < § < 1,

e a
Pr{iX<(1-9¢ < | —1 . 12.2
HX < (-0 < () (122)
Use the above Chernoff Bounds to prove the following inequalities: For all 0 < § <1

(a)
Pr{X > (14 0)u} < e /3 (12.3)

(b) ;
Pr{X<(1-9d)pu}r< e HI"/2 (12.4)

Remark Note that it follows from (a) and (b) that Pr{|X —E(X)| > a} < 2e="/3EX) for all 0 < a < E(X).

Answer:

(a) Applying the Chernoff Bounds 12.1, we have

e? :
Pr{X > (14u} < <W>
=expp [0 — (1+96)In(1 +9)]
_ 52
<exppu (Té) (by Lemma 12.1)
Lemma 12.1 For ¢ € [0, 1], we have

_£2
5—(1+5)1n(1+5)§%

Proof Let )

f(é):57(1+5)1n(1+5)+%
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Calculate the derivative of f(d):

F1(6) = —In(1+6) + %5

Because f"'(0) = ﬁ > 0 for § > 0, there doesn’t exist the maximal value of f/(d) for § € [0,1]. The
maximum of f/(6): max{f’(0), f/(1)} < 0. So f/(§) <0 for § € [0,1]. Because f(0) =0 and f'(5) <0,
f(8) <0ford € [0,1]. [ ]
(b) Applying the Chernoff Bounds 12.2, we have
-5 I
(1—4)t=9

Pr{X < (1—d)u} < ( .
—exp i[5 -

8)In(1 — 4)]

(1-
>
<exppu <—> (by Lemma 12.2)
Lemma 12.2 For § € [0, 1], we have
—52

Proof Let )

f(é):—d—(l—d)ln(lf(?)Jr%

Calculate the derivative of f(d):
F(6)=In(1—-06)+4§

Because f(0) =0, f/(0) =0 and f”(8) =1— 15 < 0for 6 € [0,1], f(§) <0 for & € [0,1]. [ ]

13 Special Problem 3

There are n processors, and m jobs. For each job, we randomly and independently assign it to a processor
(with each processor equally likely to be chosen). Let X; be the random variable corresponding to the
number of jobs assigned to processor i, and let X = maxj<;<pn X;.

a) Assume m = 20[nlnn]. Show that Pr{10lnn < X <40lnn} > 1 — 2 for all n > 100.
(a) n

(b) Assume m = n > 10. Show that there exists a constant ¢ > 0 such that, for all n, Pr{X >
clnn/Inlnn} < X
Remark We may describe the assertion of (a) as “|X| = O(lnn) with probability 1 —O(1/n)”, and (b)
as “|X| = O(lnn/Inlnn) with probability 1 — O(1/n?)".

(c) Assume m = n. Suppose each processor can only process the first three jobs assigned to it, and reject

any additional jobs. Let Y be the random variable corresponding to the total number of rejected jobs
(by all processors). Derive a formula for g(n) = E(Y'). Determine the value of lim g(n)/n.
n—0oo

Answer:

Because each job is assigned randomly and independently to a processor, X; can be considered as the
sum of m 0-1 randomly variables X; ; by which we denotes whether the j-th job is assigned into the i-th
processor.
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e = () ()" ()

E(X;) = ikPr{Xi =k} ==

k=

(=)

n

Pr{10lnn < X <40lnn} = Pr{ﬂ (X; <40lnn)} — Pr{ﬂ (X; <10lnn)}

=1 =1
n

—1—Pr{U (X; >40Inn)} — Pr{(")(X; < 10Inn)}

i=1 i=1

>1-— ZPr{X- >40lnn} — ZPr{X- < 10lnn}
i=1

>1—-nPr{X; > (1+1)E(X,)} fnPr{X <(1-05)E(X;)}

vy o) () s (22))

(by Inequality 12.3 and 12.4)

nl7/3 " 372

(b) Similarly,

clnn

Pr{X >

}:Pr{U(X,- >

Inlnn

~B(X;) ( cl 2
< nexp ( (X,) ( L 1) ) (by Inequality 12.3)

< nexp <M> (by Lemma 13.1)
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Lemma 13.1 There exists a constant ¢ such that for large enough n,

clnn/Inlnn —1>2vVinn

Proof
2vInn . vVinnlnlnn
m —— = lim ——mM—
n—+oo Inn/Inlnn n—+too lnn
24+ 1Inlnn
= lim —— by L’Hospital Principle
Jim —— (by P ple)
1
= ngrfoo NG (by L’Hospital Principle)
=0

So 2vInn = o(Inn/Inlnn). Thus, there exists a constant ¢ such that for large enough n, clnn/Inlnn —

1>2vInn |

m

(¢) Denote the number of jobs rejected by the i-th processor by Y;. Enumerating k as X;, there is (k) ways

to choose X; jobs with probability w. So

E(Yi) = B(max{X; = 3,0}) = }_(k—3) (7:) )"

k=3

< (i <(n 1+ 2)™ é:pk <7Z) (n— 1)mk>>

r=1

dx
n ((n—14z)""Y(mz -3z —3n+3)
—am 24
( m (n _ 1)m—1 N (m _ 1)m(n _ 1)m—2
x3 222
r=1,n=m

o n n n n—1 1 n—1
= <2n +3n-1)"+2(n—-1) n+§(n71) n>

n

=—2n+ 1(11n —6)(1—1/n)"*

lim EY) _ lim <2+%(116/n)(11/n)"1)

n—-+4oo n n—-+o0o

~ lim (—2 + %(11 _ 6/n)é)

n—-+o0o

= -2
2e
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14 Special Problem 4

In class we discussed the Hypercube Network, which is a directed graph on the vertex set V' = {0, 1}" with
n directed edges from each vertex i to its n neighbors (each neighbor being at Hamming distance 1 from 3).
Thus, there are N = 2" vertices and Nn (directed) edges. Let = (U, p) be the probability space where U
is the set of all d = (do,dy,- - ,dy—1) with d; € V, and p(u) = 1/|U| for all u € U. Take a random d, and
let p; be the path followed from j to d; under the fixing-bit routing algorithm.

Take a random d € U. For each edge e, let L, denote the random variable corresponding to the number
of vertices j € V such that p; contains e. Prove the following claims:

(a) E(L.) = E(Le) for all edges e, €.

(b) Zall edges e E(Le) = Nn/2
Remark Note that it follows from (a) and (b) that E(L.) = 1/2 for all e.

Answer:

Let us consider the configuration on the edge e = (¢, j) where
1= (a1;a2;"' y Ay e 7an)7 .7: (a1;a2;"' al_aka"' ;an)-

Based on the bit-fixing routing strategy, a package v, from x to o(z) via the edge (i, j) statisfies that the
sequence (ay,az, -+ ,1 — a) must be the prefix sequence of o(z) and the sequence (ag,ar+1,: - ,an) Must
be the suffix sequence of . The first k¥ — 1 elements of = are free variable. Let S be the set of the start
nodes whose path will be via the edge e.

S:{(I15I27"' y Tk—1, Aks Q41" " ,an)|Ii 6{051} (221725 ak_l)}

Obviously, |S| = 281, The last n — k elements of o(z) are free variable. Let T be the set of the finish nodes
whose path will be via the edge e.

T={(a1,a2,--- ,1_G/k,$1,$2,"' ,xn_k)|$i 6{071} (221725 an_k)}

Obviously, |T'| = 2"~F.

Enumerate x which is the number of the nodes whose path via the edge e. There are (li |

) ways to choose

x start nodes from S and |T'|* (2" — |T|)‘S‘7z ways to choose z finish nodes from T'. So the expected values
of L. can be calculated as following:
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_ ]‘ ‘S‘ x n |S|*93 |S|
Bk =iy S ettt =) (1)

S|

1 d zpie (on 51—z (IS
- il T|* (2" — |T
g | = e (7
- z=1
1 d
- el n_ S|
(Qn)\s\ dz ((ZlTl 2 I71) )‘z:l
1
- - n |S]—1
IS (T2 =) |
:|S||T| (Qn)|S|71 _ on—k+k—1 :l
(2n)|S| on 2

The claims below is obvious based on the conclusion above.

(a) For any pair of edges e and ¢/,
E(L.)=E(Ly)=1/2

(b) There are Nn directed edge in total. So

Nn
Y. B(Le)=NnBE(L) = —

all edges e
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